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Abstract
We present a brief review of the non-Abelian tensor gauge field theory and analyze its
free field equations for lower rank gauge fields when the interaction coupling constant
tends to zero. The free field equations are written in terms of the first order derivatives
of extended field strength tensors similar to the electrodynamics and non-Abelian gauge
theories. We determine the particle content of the free field equations and count the
propagating modes which they describe. In four-dimensional space-time the rank-2 gauge
field describes propagating modes of helicity two and zero. We show that the rank-3
gauge field describes propagating modes of helicity-three and a doublet of helicity-one
gauge bosons. Only four-dimensional space-time is physically acceptable, because in five
and higher-dimensional space-time the equation has solutions with negative norm states.
We discuss the structure of the particle spectrum for higher rank gauge fields.
Dedicated to Professor Emmanuel Floratos at the occasion of his 60th birthday
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1 Introduction
It is well understood that the concept of local gauge invariance allows to define non-
Abelian gauge field [1, 2], to derive its dynamical field equations and to develop a universal
point of view on matter interactions as resulting from the exchange of gauge quanta of spin
one. It is appealing to extend the gauge principle so that it would define the interaction of
matter fields which carry not only non-commutative internal charges, but also arbitrary
spins [3, 4, 5].
In our recent approach the gauge fields are defined as rank-(s+ 1) tensors [3, 4, 5]
Aaµλ1...λs,
and they are totally symmetric with respect to the indices λ1...λs. The number of sym-
metric indices s runs from zero to infinity 1. The first member of this family of tensor
gauge fields is the Yang-Mills vector boson Aaµ. The extended non-Abelian gauge trans-
formation δξ of tensor gauge fields is defined by the equation (2) and comprises a closed
algebraic structure [3, 4, 5]. This allows to define generalized field strength tensors [3, 4, 5]
Gaµν,λ1...λs
which are transforming homogeneously with respect to the extended gauge transforma-
tions δξ. Using these field strength tensors one can construct two infinite series of quadratic
forms Ls and L
′
s (s = 2, 3, ...) invariant with respect to the transformations δξ [3, 4, 5].
These forms contain quadratic kinetic terms, as well as cubic and quartic terms describing
nonlinear interaction of gauge fields with dimensionless coupling constant g. In order to
make all tensor gauge fields dynamical one should add all these forms in the Lagrangian.
Thus the gauge invariant Lagrangian describing dynamical tensor gauge fields of all
ranks has the form [3, 4, 5, 18, 19]
L = LYM + g2L2 + g
′
2L
′
2 + g3L3 + g
′
3L
′
3 + ... (1)
The coupling constants gs and g
′
s (s = 2, 3, ...) remain arbitrary because each term is
separately invariant with respect to the extended gauge transformations δξ leaves these
1A priori the tensor fields have no symmetries with respect to the first index µ. The a is the adjoint
index. The totally symmetric tensors were considered in [6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 17, 20].
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coupling constants undetermined. Our aim is to analyze the particle spectrum of the
theory and to define coupling constants gs and g
′
s at which there are no negative norm
states in the spectrum. Tensor gauge fields have many components, some of them define
physical propagating modes of definite helicities, and some may correspond to unphysical
negative norm states. As we shall see, only for specific values of the coupling constants
g
′
s and only in four-dimensional space-time the particle spectrum becomes completely
physical.
Let us consider first a linear sum of two gauge invariant forms in (1)
g2L2 + g
′
2L
′
2 ,
which defines the kinetic operator and nonlinear interactions of the rank-2 tensor gauge
field Aaµλ
2. As we found in [3, 4, 5, 22], if one chooses the coupling constant g
′
2 = g2,
then the sum exhibits invariance with respect to a bigger gauge group. In that case the
free field equation (18)/(19) for the rank-2 tensor gauge field describes the propagation
of helicity-two, λ = ±2, and helicity-zero, λ = 0, massless charged tensor gauge bosons
and there are no propagating negative norm states. This result will be recapitulated in
the third section.
Our aim here is to extend this analysis to the rank-3 tensor gauge field. Considering
the linear sum
g3L3 + g
′
3L
′
3
we shall demonstrate that if one chooses the coupling constant g
′
3 =
4
3
g3 then the sum again
exhibits invariance with respect to a bigger gauge group [19]. The explicit description of
this symmetry together with the corresponding free field equation (42)/ (46) for the
rank-3 tensor gauge field Aµλ1λ2 will be given in the forth and fifth sections
3. We shall
demonstrate that in four-dimensional space-time the free equation (42)/ (46) describes the
propagation of helicity-three, λ = ±3, and a doublet of helicity-one, λ = ±1,±1, massless
charged gauge bosons and that there are no propagating negative norm states. The four-
dimensional space-time is critical because in five- and higher-dimensional space-time the
equation has solutions with negative norm states.
Summarizing our findings we can state that the Lagrangian L describes the interacting
system of gauge bosons of increasing helicities. The system has Yang-Mills gauge boson
on the first level (s=0), the helicity-two and -zero gauge bosons on the second level (s=1)
and the helicity-three and a doublet of helicity-one gauge bosons on the third level (s=2).
The particle spectrum on higher levels is not yet known completely and to find it
out remains a challenging problem. The problem consists in finding out the value of the
coupling constant g
′
s+1 at which the corresponding free field equation for the rank-(s+1)
gauge field is free from propagating negative norm states. As we have found for
g
′
s+1 =
2s
s+ 1
gs+1, s = 0, 1, 2, ...
(g1 = gYM) there are two solutions which describe the propagating positive norm states
of helicities λ = ±(s+ 1). But the difficulty in finding out all propagating modes for this
value of the coupling constant g
′
s+1 lies in the fact that the number of field components
2It has sixteen components in the four-dimensional space-time.
3Its relation to the Schwinger equation for the symmetric rank-3 tensor gauge field is discussed in the
fifth section. See also references [10, 19, 20].
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dramatically increases with the rank of the tensor gauge field: in the case of rank-2 gauge
field we had sixteen components and in the case considered in this article for the rank-3
gauge field we have to analyze an equation with forty components. The presented analysis
shows that, most probably, the full system is unitary for all higher-rank non-Abelian tensor
gauge fields and only in four-dimensional space-time.
First let us recapitulate the general form of the Lagrangian L in (1).
2 Non-Abelian Tensor Fields
The gauge fields are defined as rank-(s+ 1) tensors [3, 4, 5]
Aaµλ1...λs(x), s = 0, 1, 2, ...
and are totally symmetric with respect to the indices λ1...λs. The index a numerates the
generators La of a Lie algebra. The extended non-Abelian gauge transformations of the
tensor gauge fields are defined by the following equations [3, 4, 5]:
δAaµ = (δ
ab∂µ + gf
acbAcµ)ξ
b, (2)
δAaµν = (δ
ab∂µ + gf
acbAcµ)ξ
b
ν + gf
acbAcµνξ
b,
δAaµνλ = (δ
ab∂µ + gf
acbAcµ)ξ
b
νλ + gf
acb(Acµνξ
b
λ + A
c
µλξ
b
ν + A
c
µνλξ
b),
......... . ............................
where ξaλ1...λs(x) are totally symmetric gauge parameters. These extended gauge transfor-
mations generate a closed algebraic structure. The generalized field strengths are defined
as [3, 4, 5]
Gaµν = ∂µA
a
ν − ∂νA
a
µ + gf
abc Abµ A
c
ν , (3)
Gaµν,λ = ∂µA
a
νλ − ∂νA
a
µλ + gf
abc( Abµ A
c
νλ + A
b
µλ A
c
ν ),
Gaµν,λρ = ∂µA
a
νλρ − ∂νA
a
µλρ + gf
abc( Abµ A
c
νλρ + A
b
µλ A
c
νρ + A
b
µρ A
c
νλ + A
b
µλρ A
c
ν ),
...... . ............................................
and transform homogeneously with respect to the extended gauge transformations (2).
The field strength tensors are antisymmetric in their first two indices and are totally
symmetric with respect to the rest of the indices.
These field strength tensors allow to construct two series of gauge invariant quadratic
forms. The first series is given by the formula [3, 4, 5]
Ls+1 = −
1
4
Gaµν,λ1...λs G
a
µν,λ1...λs
+ .......
= −
1
4
2s∑
i=0
asi G
a
µν,λ1...λi
Gaµν,λi+1...λ2s(
∑
P
ηλi1λi2 .......ηλi2s−1λi2s ) , (4)
where the sum
∑
P runs over all nonequal permutations of i
′s, in total (2s − 1)!! terms
and the numerical coefficients are asi =
s!
i!(2s−i)!
.
The second series of gauge invariant quadratic forms is given by the formula [3, 4, 5]:
L
′
s+1 =
1
4
Gaµν,ρλ3...λs+1 G
a
µρ,νλ3...λs+1
+
1
4
Gaµν,νλ3...λs+1 G
a
µρ,ρλ3...λs+1
+ .......
=
1
4
2s+1∑
i=1
asi−1
s
Gaµλ1,λ2...λi G
a
µλ2s+2,λi+2...λ2s+1
(
′∑
P
ηλi1λi2 .......ηλi2s+1λi2s+2 ) , (5)
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where the sum
∑′
P runs over all nonequal permutations of i
′s, with exclusion of the terms
which contain ηλ1,λ2s+2. In order to make all tensor gauge fields dynamical one should add
the corresponding kinetic terms. Thus the invariant Lagrangian describing dynamical
tensor gauge bosons of all ranks has the form
L = LYM + g2L2 + g
′
2L
′
2 + g3L3 + g
′
3L
′
3 + ..., (6)
where L1 ≡ LYM and gs and g
′
s (s = 2, 3, ...) are arbitrary coupling constants.
Generally speaking, equations which follow from this Lagrangian may contain propa-
gating negative norm states. Our main task in this article is to analyze particle spectrum
of the theory and to prove that there are no negative modes in rank-2 and rank-3 ten-
sor gauge fields in four-dimensional space-time. The problem is that tensor gauge fields
have many components, some of them define propagating physical modes of definite he-
licities, but some of them may correspond to unphysical negative norm states. As we
shall see, only for specific values of the coupling constants g
′
s and only in four-dimensional
space-time the particle spectrum becomes completely physical.
Indeed, analyzing a linear sum of gauge invariant forms [3, 4, 5]
g2L2 + g
′
2L
′
2 ,
which are describing the propagation of the rank-2 tensor gauge field Aaµλ, we found that if
one chooses the coupling constant g
′
2 = g2 then the sum exhibits invariance with respect to
a bigger gauge group. In that case the free field equation (18)/(19) for the rank-2 tensor
gauge field describes the propagation of helicity-two and helicity-zero massless charged
tensor gauge bosons and there are no propagating negative norm states. Therefore the
gauge invariant Lagrangian for the lower-rank tensor gauge fields has the form [3, 4, 5]:
L2 + L
′
2 = −
1
4
Gaµν,λG
a
µν,λ −
1
4
GaµνG
a
µν,λλ (7)
+
1
4
Gaµν,λG
a
µλ,ν +
1
4
Gaµν,νG
a
µλ,λ +
1
2
GaµνG
a
µλ,νλ.
Our aim here is to extend this analysis to the case of rank-3 tensor gauge field Aµλ1λ2 .
The explicit form of L3 and L
′
3 can be obtained from our general formulas (4), (5) and
(6) by substituting s = 2. We shall consider the linear sum
g3L3 + g
′
3L
′
3
and demonstrate that for an appropriate choice of the coupling constant g
′
3 =
4
3
g3 the sys-
tem exhibits invariance with respect to a bigger gauge group [19]. The explicit description
of this symmetry together with the corresponding free field equation (42)/ (46) for the
rank-3 tensor gauge field will be given in the forth and fifth sections. We shall demon-
strate that the free equation (42)/ (46) describes the propagation of helicity-three and a
doublet of helicity-one massless charged gauge bosons and that there are no propagating
negative norm states. Thus the Lagrangian for rank-3 non-Abelian gauge field will take
the form
L3 +
4
3
L
′
3 = −
1
4
Gaµν,λρG
a
µν,λρ −
1
8
Gaµν,λλG
a
µν,ρρ −
1
2
Gaµν,λG
a
µν,λρρ −
1
8
GaµνG
a
µν,λλρρ +
+
1
3
Gaµν,λρG
a
µλ,νρ +
1
3
Gaµν,νλG
a
µρ,ρλ +
1
3
Gaµν,νλG
a
µλ,ρρ + (8)
+
1
3
Gaµν,λG
a
µλ,νρρ +
2
3
Gaµν,λG
a
µρ,νλρ +
1
3
Gaµν,νG
a
µλ,λρρ +
1
3
GaµνG
a
µλ,νλρρ.
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3 Propagating Modes of Rank-2 Gauge Field
Let us first consider the rank-2 gauge field Aaµλ [3, 4, 5]. There are two invariant forms for
the rank-2 tensor gauge field L2 and L
′
2 and we have to consider their linear combination
g2L2 + g
′
2L
′
2. A free field equation of motion is defined by the quadratic part of this
invariant, its cubic and quartic parts define interaction. The quadratic part of the L2 is
Lquadratic2 =
1
2
Aaαα´Hαα´γγ´A
a
γγ´,
where the kinetic operator H in momentum representation has the form
Hαα´γγ´(k) = (−k
2ηαγ + kαkγ)ηα´γ´ .
It is obviously invariant with respect to the gauge transformation δAaµλ = ∂µξ
a
λ, but it is
not invariant with respect to the alternative gauge transformations δ˜Aaµλ = ∂λη
a
µ. This
can be seen, for example, from the following relations in momentum representation:
kαHαα´γγ´(k) = 0, kα´Hαα´γγ´(k) = −(k
2ηαγ − kαkγ)kγ´ 6= 0. (9)
The quadratic part of the L
′
2 is
L
′quadratic
2 =
1
2
Aaαα´H
′
αα´γγ´A
a
γγ´ , (10)
where the kinetic operator H
′
has the form
H
′
αα´γγ´(k) =
1
2
(ηαγ´ηα´γ+ηαα´ηγγ´)k
2−
1
2
(ηαγ´kα´kγ+ηα´γkαkγ´+ηαα´kγkγ´+ηγγ´kαkα´−2ηαγkα´kγ´).
It is also invariant with respect to the gauge transformation δAaµλ = ∂µξ
a
λ, but it is not
invariant with respect to the gauge transformations δ˜Aaµλ = ∂λη
a
µ, as one can see from
analogous relations
kαH
′
αα´γγ´(k) = 0, kα´H
′
αα´γγ´(k) = (k
2ηαγ − kαkγ)kγ´ 6= 0. (11)
As it is obvious from (9) and (11), the sum L2+L
′
2, when g
′
2 = g2, becomes invariant with
respect to the alternative gauge transformations δ˜Aaµλ = ∂λη
a
µ and the kinetic operator
now has both of the symmetries:
δAaµλ = ∂µξ
a
λ + ∂λη
a
µ, (12)
because4
kα(Hαα´γγ´ +H
′
αα´γγ´) = 0, kα´(Hαα´γγ´ +H
′
αα´γγ´) = 0. (13)
Thus our kinetic operator is a sum
L2 + L
′
2 |quadratic =
1
2
Aaαα´(Hαα´γγ´ +H
′
αα´γγ´)A
a
γγ´ =
1
2
Aaαα´Hαα´γγ´A
a
γγ´ , (14)
4Longitudinal pieces in (9) and (11) cancel each other and the kinetic operator is fully transversal.
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where
Hαα´γγ´(k) = (−ηαγηα´γ´ +
1
2
ηαγ´ηα´γ +
1
2
ηαα´ηγγ´)k
2 + ηαγkα´kγ´ + ηα´γ´kαkγ
−
1
2
(ηαγ´kα´kγ + ηα´γkαkγ´ + ηαα´kγkγ´ + ηγγ´kαkα´). (15)
In terms of field strength tensor the quadratic part is
L2 + L
′
2 |quadratic = −
1
4
F aµν,λF
a
µν,λ +
1
4
F aµν,λF
a
µλ,ν +
1
4
F aµν,νF
a
µλ,λ, (16)
where
F aµν,λ = ∂µA
a
νλ − ∂νA
a
µλ, (17)
and the equation of motion takes the form
∂µF aµν,λ −
1
2
(∂µF aµλ,ν + ∂
µF aλν,µ + ∂λF
a µ
µν, + ηνλ∂
µF a ρµρ, ) = 0. (18)
In terms of tensor gauge field the free equation of motion (18) is
∂2(Aaνλ −
1
2
Aaλν)− ∂ν∂µ(A
a
µλ −
1
2
Aaλµ) − ∂λ∂µ(A
a
νµ −
1
2
Aaµν) + ∂ν∂λ(A
a
µµ −
1
2
Aaµµ)
+
1
2
ηνλ(∂µ∂ρA
a
µρ − ∂
2Aaµµ) = 0 (19)
and it describes the propagation of massless charged gauge bosons of helicity two and
zero. Indeed, this can be seen by decomposition of the rank-2 gauge field into symmetric
and antisymmetric parts. For the symmetric tensor gauge fields Aaνλ = A
a
λν our equation
reduces to the Einstein and Fierz-Pauli equation
∂2Aνλ − ∂ν∂µAµλ − ∂λ∂µAµν + ∂ν∂λAµµ + ηνλ(∂µ∂ρAµρ − ∂
2Aµµ) = 0,
which describes the propagation of massless gauge boson of helicity two. For the anti-
symmetric fields it reduces to the Kalb-Ramond equation
∂2Aνλ − ∂ν∂µAµλ + ∂λ∂µAµν = 0
and describes the propagation of helicity-zero state.
A more direct way to solve the free equation of motion (18)/(19) is to consider it in
the momentum representation [22]:
Hαα´γγ´(k) A
a
γγ´ = 0. (20)
The vector space of independent solutions Aγγ´ crucially depends on the rank of the matrix
Hαα´γγ´(k). If the matrix operator H has dimension d× d and its rank is rankH = r, then
the vector space of solutions has the dimension
N = d− r.
Because the matrix operatorHαα´γγ´(k) explicitly depends on the momentum kµ, its rankH =
r also depends on momenta and therefore the number of independent solutions N depends
on momenta
N (k) = d− r(k) . (21)
7
Analyzing the rankH of the matrix operator H one can observe that it depends on the
value of momentum square k2µ. When k
2
µ 6= 0 - off mass-shell momenta - the vector space
consists of pure gauge fields. When k2µ = 0 - on mass-shell momenta - the vector space
consists of pure gauge fields and propagating modes. Therefore the number of propagating
modes can be calculated from the following relation:
♯ of propagating modes = N (k)|k2=0 −N (k)|k2 6=0 = rankH|k2 6=0 − rankH|k2=0. (22)
Our field equation (20) for the tensor gauge field Aµλ is defined by the matrix operator
(15), which in the four-dimensional space-time is a 16×16 matrix5. In the reference frame,
where kγ = (ω, 0, 0, k), it has a particularly simple form. If ω2 − k2 6= 0, the rank of the
16-dimensional matrix Hαα´γγ´(k) is equal to rankH|ω2−k2 6=0 = 9 and the number of linearly
independent solutions is 16− 9 = 7. These seven solutions are
eγγ´ =


−ω2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 k2

 ,


ω 0 0 0
0 0 0 0
0 0 0 0
k 0 0 0

 ,


0 ω 0 0
0 0 0 0
0 0 0 0
0 k 0 0

 ,


0 0 ω 0
0 0 0 0
0 0 0 0
0 0 k 0

 ,


ω 0 0 k
0 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 0 0
ω 0 0 k
0 0 0 0
0 0 0 0

 ,


0 0 0 0
0 0 0 0
ω 0 0 k
0 0 0 0

 (23)
and they are pure gauge fields
eγγ´ = kγξγ´ + kγ´ηγ . (24)
When ω2−k2 = 0, then the rank of the matrixHαα´γγ´(k) drops and is equal to rankH|ω2−k2=0 =
6. This leaves us with 16 − 6 = 10 solutions. These are 7 solutions, the pure gauge po-
tentials (23), (24), and three new solutions representing the propagating modes:
e
(1)
γγ´ =


0 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 0

 , e
(2)
γγ´ =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 , e
A
γγ´ =


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 (25)
Thus the general solution of the equation on the mass-shell is
eγγ´ = ξγ´kγ + ηγkγ´ + c1e
(1)
γγ´ + c2e
(2)
γγ´ + c3e
(A)
γγ´ , (26)
where c1, c2, c3 are arbitrary constants. We see that the number of the propagating modes
is three:
rankH|ω2−k2 6=0 − rankH|ω2−k2=0 = 9− 6 = 3.
These are the propagating modes of helicity-two and helicity-zero λ = ±2, 0 charged gauge
bosons [3, 4, 5].
The above consideration brings the final form of the gauge invariant Lagrangian for
the rank-2 tensor gauge field to the form (7) with its free equation of motion (18)/(19).
And, as we have seen, has a well defined physical spectrum (26).
5The multi-index A ≡ (µ, λ) takes sixteen values.
8
4 Rank-3 Tensor Gauge Field
Let us turn now to the rank-3 gauge field. There are two invariant forms L3 and L
′
3
for the rank-3 tensor gauge field Aaµνλ and we have to consider their linear combination
g3L3 + g
′
3L
′
3. The Lagrangian L3 has the form (4)
6 [3, 4, 5]
L3 = −
1
4
Gaµν,λρG
a
µν,λρ −
1
8
Gaµν,λλG
a
µν,ρρ −
1
2
Gaµν,λG
a
µν,λρρ −
1
8
GaµνG
a
µν,λλρρ , (27)
where higher rank field strength tensors are:
Gaµν,λρσ = ∂µA
a
νλρσ − ∂νA
a
µλρσ + gf
abc{ Abµ A
c
νλρσ + A
b
µλ A
c
νρσ + A
b
µρ A
c
νλσ + A
b
µσ A
c
νλρ +
+Abµλρ A
c
νσ + A
b
µλσ A
c
νρ + A
b
µρσ A
c
νλ + A
b
µλρσ A
c
ν }
and
Gaµν,λρσδ = ∂µA
a
νλρσδ − ∂νA
a
µλρσδ + gf
abc{ Abµ A
c
νλρσδ +
∑
λ↔ρ,σ,δ
Abµλ A
c
νρσδ +
+
∑
λ,ρ↔σ,δ
Abµλρ A
c
νσδ +
∑
λ,ρ,σ↔δ
Abµλρσ A
c
νδ + A
b
µλρσδ A
c
ν }.
The terms in parentheses are symmetric over λρσ and λρσδ respectively. The Lagrangian
L3 is invariant with respect to the extended gauge transformations (2) of the low-rank
gauge fields Aµ, Aµν , Aµνλ together with the fourth- and fifth-rank gauge fields
δξAµνλρ = ∂µξνλρ − ig[Aµ, ξνλρ]− ig[Aµν , ξλρ]− ig[Aµλ, ξνρ]− ig[Aµρ, ξνλ]−
− ig[Aµνλ, ξρ]− ig[Aµνρ, ξλ]− ig[Aµλρ, ξν]− ig[Aµνλρ, ξ],
δξAµνλρσ = ∂µξνλρσ − ig[Aµ, ξνλρσ]− ig
∑
ν↔λρσ
[Aµν , ξλρσ]−
− ig
∑
νλ↔ρσ
[Aµνλ, ξρσ]− ig
∑
νλρ↔σ
[Aµνλρ, ξσ]− ig[Aµνλρ, ξ],
where the gauge parameters ξνλρ and ξνλρσ are totally symmetric tensors. The second
Lagrangian L
′
3 has the form (5)
7 [3, 4, 5]
L
′
3 =
1
4
Gaµν,λρG
a
µλ,νρ +
1
4
Gaµν,νλG
a
µρ,ρλ +
1
4
Gaµν,νλG
a
µλ,ρρ
+
1
4
Gaµν,λG
a
µλ,νρρ +
1
2
Gaµν,λG
a
µρ,νλρ +
1
4
Gaµν,νG
a
µλ,λρρ +
1
4
GaµνG
a
µλ,νλρρ. (28)
We wish to know if there exists a special value of the constant g
′
3 at which the system
will have higher symmetry, as it happens in the case of the rank-2 gauge field. We shall
see that this indeed takes place.
A free field equation of motion is defined by the quadratic part of invariant g3L3+g
′
3L
′
3,
the interaction - by cubic and quartic. The quadratic part of the Lagrangian L3 comes
from the terms
−
1
4
Gaµν,λρG
a
µν,λρ −
1
8
Gaµν,λλG
a
µν,ρρ (29)
6In (4) one should take s=2.
7In (5) one should take s=2.
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and has the form
Lquadratic3 =
1
2
Aaαα′α′′Hαα′α′′γγ′γ′′A
a
γγ′γ′′ ,
where the kinetic operator H in the momentum representation is
Hαα′α′′γγ′γ′′ (k) = −
1
2
Hαγ(ηα′γ′ηα′′γ′′ + ηα′γ′′ηα′′γ′ + ηα′α′′ηγ′γ′′ ), (30)
and Hαγ = k
2ηαγ−kαkγ. It is invariant with respect to the gauge transformation δAaµνλ =
∂µξ
a
νλ, which can be seen from the relation kαHαα′α′′γγ′γ′′ (k) = 0. But it is not invariant
with respect to the alternative gauge transformations δ˜Aaµνλ = ∂νζ
a
µλ + ∂λζ
a
µν , where the
gauge parameter ζaµλ is a totally symmetric tensor. This can be seen from the following
relation in momentum representation
kα′Hαα′α′′γγ′γ′′ (k) = −
1
2
Hαγ (kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) 6= 0. (31)
The quadratic part of the Lagrangian L
′
3 comes from the terms
1
4
Gaµν,λρG
a
µλ,νρ +
1
4
Gaµν,νλG
a
µρ,ρλ +
1
4
Gaµν,νλG
a
µλ,ρρ, (32)
and has the form
L
′ quadratic
3 =
1
2
Aaαα′α′′H
′
αα′α′′γγ′γ′′A
a
γγ′γ′′ ,
The kinetic operator H
′
is (see Appendix A for derivation)
H
′
αα′α′′γγ′γ′′ (k) =
1
8
{ + (k2ηαα′ − kαkα′ )(ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ (k2ηαα′′ − kαkα′′ )(ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ (k2ηαγ′ − kαkγ′ )(ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )
+ (k2ηαγ′′ − kαkγ′′ )(ηα′γηα′′γ′ + ηα′γ′ηα′′γ + ηα′α′′ηγγ′ ) }
−
1
8
{ + kγkα′ (ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (ηαγ′ηα′γ′′ + ηαγ′′ηα′γ′ + ηαα′ηγ′γ′′ )
+ kγkγ′ (ηαα′ηα′′γ′′ + ηαα′′ηα′γ′′ + ηαγ′′ηα′α′′ )
+ kγkγ′′ (ηαα′ηα′′γ′ + ηαα′′ηα′γ′ + ηαγ′ηα′α′′ ) }
+
1
4
{ + ηαγ(kα′kγ′ηα′′γ′′ + kα′kγ′′ηα′′γ′ + kα′′kγ′ηα′γ′′
+ kα′′kγ′′ηα′γ′ + kα′kα′′ηγ′γ′′ + kγ′kγ′′ηα′α′′ ) }. (33)
It is again invariant with respect to the transformation δAaµνλ = ∂µξ
a
νλ which is translated
into the relation kαH
′
αα′α′′γγ′γ′′
(k) = 0, but it is not invariant with respect to the trans-
formation δ˜Aaµνλ = ∂νζ
a
µλ + ∂λζ
a
µν , as one can see from the relation (see also Appendix A
for derivation)
kα′H
′
αα′α′′γγ′γ′′ (k) =
1
8
{ + Hαα′′ (kγ′ηγγ′′ + kγ′′ηγγ′ )
+ Hαγ′ (kγ′′ηα′′γ + kα′′ηγγ′′ )
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+ Hαγ′′ (kγ′ηα′′γ + kα′′ηγγ′ ) }
−
1
4
{ + kγkα′′ (kγ′′ηαγ′ + kγ′ηαγ′′ ) + kγkγ′kγ′′ηαα′′ − 3ηαγkα′′kγ′kγ′′ }
+
1
4
{ + Hαγ(kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) } 6= 0. (34)
We have to see now whether the total longitudinal part of the kinetic operator
kα′ (g3 H
′
αα′α′′γγ′γ′′ + g
′
3 H
′
αα′α′′γγ′γ′′ )
can be made equal to zero by an appropriate choice of the coupling constant g
′
3. For
that let us compare the expressions (31) and (34) for longitudinal terms. As one can see,
only the last term in (34) Hαγ(kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) and the whole term (31)
can cancel each other if we choose g
′
3 = 2g3, but this will leave the rest of the terms in
(34) untouched, thus kα′ (g3 Hαα′α′′γγ′γ′′ + g
′
3H
′
αα
′
α
′′
γγ
′
γ
′′ ) 6= 0 for all values of g
′
3. This
situation differs from the case of the rank-2 gauge field. In the last case we were able to
choose coupling constant g
′
2 so that longitudinal pieces (9) and (11) cancel each other.
In order to understand the reason, why in the case of the rank-3 gauge field it is
impossible to fully cancel longitudinal pieces, we have to remind a beautiful result obtained
long ago by Schwinger [10]. It has been proven by Schwinger [10, 19, 20] that it is
impossible to derive free field equation for the totally symmetric rank-3 tensor which is
invariant with respect to the gauge group of transformations δAµνλ = ∂µξ
a
νλ + ∂νξµλ +
∂λξµν without imposing some restriction on the gauge parameters ξµν . As Schwinger
demonstrated, the gauge parameter should be traceless: ξµµ = 0. We shall see that
similar phenomena take place also in our case, that is, the gauge parameter ζaµλ should
fulfill the restriction (36).
What we would like to prove is that our equation has enhanced invariance with respect
to the gauge group of transformations
δ˜Aaµνλ = ∂νζ
a
µλ + ∂λζ
a
µν , (35)
only if the gauge parameter ζaµλ fulfills the following restriction:
∂ρζ
a
ρλ − ∂λζ
a
ρρ = 0. (36)
This takes place when we choose g
′
3 =
4
3
g3 . Indeed, let us consider the equation of motion.
From Lquadratic3 we have:
Hαα′α′′γγ′γ′′A
a
γγ
′
γ
′′ = ∂2Aaαα′α′′ − ∂α∂ρA
a
ρα
′
α
′′ +
1
2
ηα′α′′ (∂
2Aaαρρ − ∂α∂ρA
a
ρλλ), (37)
and from L
′ quadratic
3
H
′
αα
′
α
′′
γγ
′
γ
′′Aaγγ′γ′′ = −
1
8
{∂2(Aaα′αα′′ + A
a
α
′
α
′′
α + A
a
α
′′
αα
′ + Aaα′′α′α)−
−∂α∂ρ(A
a
α′ρα′′ + A
a
α′α′′ρ + A
a
α′′ρα′ + A
a
α′′α′ρ)−
−∂α′∂ρ(A
a
ραα
′′ + Aaρα′′α − A
a
αρα
′′ −Aaαα′′ρ − A
a
αα
′′
ρ −A
a
αρα
′′ )−
−∂α′′∂ρ(A
a
ραα
′ + Aaρα′α − A
a
αρα
′ − Aaαα′ρ −A
a
αα
′
ρ − A
a
αρα
′ )−
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−∂α∂α′ (A
a
α′′ρρ + A
a
ρα′′ρ + A
a
ρρα′′ )− ∂α∂α′′ (A
a
α′ρρ + A
a
ρα′ρ + A
a
ρρα′ ) + 2∂α′∂α′′A
a
αρρ} −
−
1
8
{ηαα′ [∂
2(Aaα′′ρρ + A
a
ρα′′ρ + A
a
ρρα′′ )− ∂α′′∂ρA
a
ρλλ − ∂λ∂ρ(A
a
ρα′′λ + A
a
ρλα′′ )] +
+ηαα′′ [∂
2(Aaα′ρρ + A
a
ρα
′
ρ + A
a
ρρα
′ )− ∂α′∂ρA
a
ρλλ − ∂λ∂ρ(A
a
ρα
′
λ + A
a
ρλα
′ )] +
+ηα′α′′ [∂
2(Aaραρ + A
a
ρρα)− ∂α∂ρ(A
a
λρλ + A
a
λλρ)− ∂λ∂ρ(A
a
ραλ + A
a
λρα − 2A
a
αλρ)]}. (38)
Summing these two pieces together we shall get the following free field equation of motion
for the rank-3 tensor gauge field:
(Hαα′α′′γγ′γ′′ + cH
′
αα′α′′γγ′γ′′ )A
a
γγ′γ′′ = ∂
2(Aaαα′α′′ −
c
4
Aaα′α′′α −
c
4
Aaα′′αα′ )−
−∂α∂ρ(A
a
ρα′α′′ −
c
4
Aaα′α′′ρ −
c
4
Aaα′′ρα′ )−
c
4
∂α′∂ρ(A
a
αρα′′ + A
a
αα′′ρ − A
a
ραα′′ )−
−
c
4
∂α′′∂ρ(A
a
αρ′α + A
a
αα′ρ − A
a
ραα′ ) +
c
8
∂α∂α′ (A
a
α′′ρρ + A
a
ρα′′ρ + A
a
ρρα′′ ) +
+
c
8
∂α∂α′′ (A
a
α′ρρ + A
a
ρα′ρ + A
a
ρρα′ )−
c
4
∂α′∂α′′A
a
αρρ −
−
c
8
ηαα′ (∂
2Aaα′′ρρ − ∂α′′∂ρA
a
ρλλ + 2∂
2Aaρρα′′ − 2∂λ∂ρA
a
ρλα
′′ )−
−
c
8
ηαα′′ (∂
2Aaα′ρρ − ∂α′∂ρA
a
ρλλ + 2∂
2Aaρρα′ − 2∂λ∂ρA
a
ρλα′ ) +
+
1
2
ηα′α′′ (∂
2Aaαρρ − ∂α∂ρA
a
ρλλ −
c
2
∂2Aaρρα +
c
2
∂α∂ρA
a
λλρ −
c
2
∂λ∂ρA
a
αλρ +
c
2
∂λ∂ρA
a
λρα) = 0,
where c = g
′
3/g3. Performing the gauge transformation (35) of the gauge field one can see
that the terms which originate from differential operators ∂2, ∂α∂ρ, ∂α′∂ρ and ∂α′′∂ρ in
the above equation cancel each other if we choose g
′
3 =
4
3
g3 . The rest of the terms have
the following form:
(Hαα′α′′γγ′γ′′ +
4
3
H
′
αα′α′′γγ′γ′′ )δ˜A
a
γγ′γ′′ =
+
1
3
∂α∂α′∂ρζ
a
ρα′′ +
1
3
∂α∂α′′∂ρζ
a
ρα′ −
4
3
∂α′∂α′′∂ρζ
a
ρα +
2
3
∂α∂α′∂α′′ ζ
a
ρρ
−
1
6
ηαα′ (2∂ρ∂
2ζaρα′′ − 4∂α′′∂λ∂ρζ
a
λρ + 2∂α′′∂
2ζaρρ)
−
1
6
ηαα′′ (2∂ρ∂
2ζaρα′ − 4∂α′∂λ∂ρζ
a
λρ + 2∂α′∂
2ζaρρ)
+
1
3
ηα′α′′ (∂ρ∂
2ζaρα − ∂α∂λ∂ρζ
a
λρ) (39)
and can be rewritten in the form which makes the desired invariance explicit:
(Hαα′α′′γγ′γ′′ +
4
3
H
′
αα′α′′γγ′γ′′ )δA
a
γγ′γ′′ = +
1
3
∂α∂α′ (∂ρζ
a
ρα′′ − ∂α′′ ζ
a
ρρ)
+
1
3
∂α∂α′′ (∂ρζ
a
ρα′ − ∂α′ ζ
a
ρρ)−
4
3
∂α′∂α′′ (∂ρζ
a
ρα − ∂αζ
a
ρρ)
−
1
3
ηαα′ [∂
2(∂ρζ
a
ρα
′′ − ∂α′′ ζ
a
ρρ) + 2∂α′′∂λ(∂λζ
a
ρρ − ∂ρζ
a
ρλ)]
−
1
3
ηαα′′ [∂
2(∂ρζ
a
ρα′ − ∂α′ ζ
a
ρρ) + 2∂α′∂λ(∂λζ
a
ρρ − ∂ρζ
a
ρλ)]
+
1
3
ηα′α′′ [∂
2(∂ρζ
a
ρα − ∂αζ
a
ρρ) + ∂α∂λ(∂λζ
a
ρρ − ∂ρζ
a
ρλ)]. (40)
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From that we see that if the gauge parameter satisfies the restriction (36) the equation
is indeed invariant with respect to a larger group of gauge transformations δ˜Aaµνλ =
∂νζ
a
µλ + ∂λζ
a
µν , because
(Hαα′α′′γγ′γ′′ +
4
3
H
′
αα′α′′γγ′γ′′ )δ˜A
a
γγ′γ′′ = Hαα′α′′γγ′γ′′ (k) δ˜A
a
γγ′γ′′ = 0. (41)
The final form of the equation is
∂2(Aaαα′α′′ −
1
3
Aaα′α′′α −
1
3
Aaα′′αα′ )− ∂α∂ρ(A
a
ρα
′
α
′′ −
1
3
Aaα′α′′ρ −
1
3
Aaα′′ρα′ )− (42)
−
1
3
∂α′∂ρ(A
a
αρα′′ + A
a
αα′′ρ − A
a
ραα′′ )−
1
3
∂α′′∂ρ(A
a
αρα′ + A
a
αα′ρ − A
a
ραα′ ) +
+
1
6
∂α∂α′ (A
a
α′′ρρ + A
a
ρα′′ρ + A
a
ρρα′′ ) +
1
6
∂α∂α′′ (A
a
α′ρρ + A
a
ρα′ρ + A
a
ρρα′ )−
1
3
∂α′∂α′′A
a
αρρ −
−
1
6
ηαα′ (∂
2Aaα′′ρρ − ∂α′′∂ρA
a
ρλλ + 2∂
2Aaρρα′′ − 2∂λ∂ρA
a
ρλα′′ )−
−
1
6
ηαα′′ (∂
2Aaα′ρρ − ∂α′∂ρA
a
ρλλ + 2∂
2Aaρρα′ − 2∂λ∂ρA
a
ρλα′ ) +
+
1
2
ηα′α′′ (∂
2Aaαρρ − ∂α∂ρA
a
ρλλ −
2
3
∂2Aaρρα +
2
3
∂α∂ρA
a
λλρ −
2
3
∂λ∂ρA
a
αλρ +
2
3
∂λ∂ρA
a
λρα) = 0
and, it is invariant with respect to the group of gauge transformations
δAaµνλ = ∂µξ
a
νλ, δ˜A
a
µνλ = ∂νζ
a
µλ + ∂λζ
a
µν , ∂ρζ
a
ρλ − ∂λζ
a
ρρ = 0. (43)
The above invariance of the equation (42) with respect to the transformations (43) can
be checked now directly without referring to the previous analysis.
Let us now estimate, how many independent gauge parameters are at our disposal.
Because there are no restrictions on the symmetric gauge parameter ξaµν , we have ten in-
dependent gauge parameters in the four-dimensional space-time. To estimate the amount
of independent gauge parameters in ζaµν one should solve the restriction (36)
ωζ03 + κζ33 + κ(ζ00 − ζ11 − ζ22 − ζ33) = 0,
ωζ01 + κζ31 = 0,
ωζ02 + κζ32 = 0,
ωζ00 + κζ30 − ω(ζ00 − ζ11 − ζ22 − ζ33) = 0,
where kµ = (ω, 0, 0, κ), therefore
ζ00 = ζ11 + ζ22 −
ω
κ
ζ03, ζ31 = −
ω
κ
ζ01,
ζ33 = −ζ11 − ζ22 −
κ
ω
ζ03, ζ32 = −
ω
κ
ζ02,
(44)
and we have six independent gauge parameters8 ζ01, ζ02, ζ03, ζ11, ζ22, ζ12. We shall present
the free equation of motion (42) also in terms of field strength tensors. The quadratic
8One can also use a different set of independent parameters, in particular, ζ11, ζ12, ζ13, ζ22, ζ23, ζ33.
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part of the Lagrangian is
L3 +
4
3
L
′
3 |quadratic = −
1
4
F aµν,λρF
a
µν,λρ −
1
8
F aµν,λλF
a
µν,ρρ
+
1
3
F aµν,λρF
a
µλ,νρ +
1
3
F aµν,νλF
a
µρ,ρλ +
1
3
F aµν,νλF
a
µλ,ρρ =
=
1
2
Aaαα′α′′Hαα′α′′γγ′γ′′A
a
γγ
′
γ
′′ , (45)
where F aµν,λρ = ∂µA
a
νλρ − ∂νA
a
µλρ. Its variation over the field A
a
νλρ gives the free equation
(42) written in terms of field strength tensor F aµν,λρ:
∂µF
a
µν,λρ −
1
3
∂µF
a
µλ,νρ −
1
3
∂µF
a
µρ,νλ +
1
3
∂µF
a
νλ,µρ +
1
3
∂µF
a
νρ,µλ +
+
1
3
∂λF
a
νµ,µρ +
1
3
∂ρF
a
νµ,µλ +
1
6
∂λF
a
νρ,µµ +
1
6
∂ρF
a
νλ,µµ −
−ηλν(
1
3
∂µF
a
µσ,σρ +
1
6
∂µF
a
µρ,σσ)− ηνρ(
1
3
∂µF
a
µσ,σλ +
1
6
∂µF
a
µλ,σσ) +
+ηλρ(
1
2
∂µF
a
µν,σσ −
1
3
∂µF
a
µσ,σν +
1
3
∂µF
a
νσ,σµ) = 0. (46)
In summary, we have the Lagrangian (8) for the third-rank gauge field Aaµνλ and the
corresponding free field equation of motion (42)/ (46) invariant with respect to the gauge
transformations (43) .
5 Propagating Modes of Rank-3 Gauge Field
The aim of this section is to analyze the free field equation (42)/ (46) for the rank-3 gauge
field. It is convenient to decompose the rank-3 gauge field into irreducible pieces. The
gauge field Aa
γγ′γ′′
is symmetric over the last two indices γ
′
↔ γ
′′
and has no symmetries
with respect to the index γ. Let us consider the transformation T of the form [21]
ATµλ1 = Aλ1µ,
ATµλ1λ2 =
2
3
(Aλ1µλ2 + Aλ2µλ1)−
1
3
Aµλ1λ2 ,
.......................................
(47)
It has the property of the standard transposition (AT )T = A and allows to define sym-
metric AS and anti-symmetric AA tensors as
AS =
1
2
(A+ AT ), AA =
1
2
(A− AT ).
In the case of the rank-3 gauge field they are
ASµλ1λ2 =
1
3
(Aµλ1λ2 + Aλ1µλ2 + Aλ2µλ1), A
A
µλ1λ2
=
2
3
Aµλ1λ2 −
1
3
(Aλ1µλ2 + Aλ2µλ1). (48)
One should also define vector fields associated with rank-3 tensor field:
Bµ = Aµλλ, Cµ = Aλλµ, Dµ = ∂λ∂ρAµλρ, Eµ = ∂λ∂ρAλρµ. (49)
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Equation for these fields follow from our main equation (42)/ (46), if one takes its trace
(ηµν∂
2 − ∂µ∂ν)(
7
8
Bν − Cν) = (Dµ − Eµ). (50)
These equations show that these vector fields (49) fulfill Maxwell equation. Our aim is to
find explicit solutions for all these fields. This will allow to clarify the physical content of
the equation (42)/ (46) and the propagating modes which it describes.
A convenient way to solve the free equation of motion is to consider it in momentum
representation
(Hαα′α′′γγ′γ′′ +
4
3
H
′
αα′α′′γγ′γ′′ )A
a
γγ′γ′′ = Hαα′α′′γγ′γ′′ (k) A
a
γγ′γ′′ = 0, (51)
as we did in the case of the rank-2 gauge field in section three. The matrix operator
Hαα′α′′γγ′γ′′ (k) is the sum of H and H
′
given by (30) and (33) and in the four-dimensional
space-time it is a square matrix 40 × 40. Indeed, the gauge field Aa
γγ′γ′′
is symmetric
over the last two indices γ
′
↔ γ
′′
and has no symmetries with respect to the index γ,
thus the multi-index N ≡ (γ, γ
′
, γ
′′
) runs 4 × 10 = 40 values and the matrix HNM is
40 × 40. It is convenient to represent the gauge field in the form of four symmetric
matrices Aγγ′γ′′ = (A0γ′γ′′ , ..., A3γ′γ′′ ) = (e0γ′γ′′ , ..., e3γ′γ′′ )exp{ikx}
eγγ′γ′′ =




e000 e001 e002 e003
e010 e011 e012 e013
e020 e021 e022 e023
e030 e031 e032 e033

 , ...,


e300 e301 e302 e303
e310 e311 e312 e313
e320 e321 e322 e323
e330 e331 e332 e333




(52)
each of which has ten independent components. In the reference frame, where kγ =
(ω, 0, 0, k), the matrix HNM has a particularly simple form. If ω2 − k2 6= 0, the rank of
the 40-dimensional matrix HNM (k) is equal to rank H|ω2−k2 6=0 = 25 and the number of
linearly independent solutions is 40− 25 = 15. These are pure gauge fields (43)
eγγ′γ′′ = kγ ξγ′γ′′ + kγ′ ζγγ′′ + kγ′′ ζγγ′ (53)
with ten independent gauge parameters ξγ′γ′′ and five independent gauge parameters ζγγ′ .
When ω2 − k2 = 0, then the rank of the matrix HNM(k) drops and is equal to
rankH|ω2−k2=0 = 18. This leaves us with 40 − 18 = 22 solutions. These are 15+1=16
solutions, the pure gauge fields (43), (53) and six solutions representing propagating
modes. On the mass-shell the number of pure gauge fields increases by one unit: instead
of the pure gauge field
eγγ′γ′′ = kγ′ (e
(1)
γ e
(2)
γ′′
+ e(2)γ e
(1)
γ′′
) + kγ′′ (e
(1)
γ e
(2)
γ′
+ e(2)γ e
(1)
γ′
) (54)
two new linearly independent solutions appear
→
e
′
γγ′γ′′
= kγ′e
(1)
γ e
(2)
γ′′
+ kγ′′e
(1)
γ e
(2)
γ′
e
′′
γγ′γ′′
= kγ′e
(2)
γ e
(1)
γ′′
+ kγ′′e
(2)
γ e
(1)
γ′
(55)
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where e(1)µ = (0, 1, 0, 0), e
(2)
µ = (0, 0, 1, 0). Therefore on the mass-shell we have sixteen
pure gauge fields and six propagating modes 22-16=6. The first two solutions are:
e
(1)
γγ′γ′′
=

0,


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 ,


0 0 0 0
0 0 −1 0
0 −1 0 0
0 0 0 0

 , 0


e
(2)
γγ′γ′′
=

0,


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 ,


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , 0

 .
These are traceless tensors (Bµ = Cµ = Dµ = Eµ = 0). Their linear combinations describe
positive norm states with helicities λ = ±3, because one can represent these solutions as
a direct product of helicity-one and helicity-two tensors eγγ′γ′′ = e
±1
γ ⊗ e
±2
γ′γ′′
. The next
two solutions are:
e
(5)
γγ′γ′′
=

0,


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , 0, 0

−
1
3
(ηγγ′e
(1)
γ′′
+ ηγγ′′ e
(1)
γ′
) (56)
e
(6)
γγ
′
γ
′′ =

0, 0,


0 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 0

 , 0

−
1
3
(ηγγ′e
(2)
γ
′′ + ηγγ′′e
(2)
γ
′ ).
In accordance with (56) we have
B(5,6)µ = −
2
3
e(1,2)µ , C
(5,6)
µ = −
2
3
e(1,2)µ , Dµ = Eµ = 0
and they fulfill the free Maxwell equation (46). Their linear combinations describe positive
norm states of helicities λ = ±1. The last two solutions are:
e
(3)
γγ′γ′′
=

0,


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , 0, 0

−
1
8
e(1)γ ηγ′γ′′
e
(4)
γγ′γ′′
=

0, 0,


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , 0

−
1
8
e(2)γ ηγ′γ′′ . (57)
In accordance with solutions (57) we have
B(3,4)µ =
1
2
e(1,2)µ , C
(3,4)
µ = −
1
8
e(1,2)µ , Dµ = Eµ = 0
and they also fulfill the free Maxwell equation (46). Their linear combinations describe
positive norm states of helicities λ = ±1. As one can check, the last solutions can not
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be decomposed into symmetric and antisymmetric pieces (48). The reason is that the
kinetic operator Hαα′α′′γγ′γ′′ in (51) can not be represented as a sum of symmetric and
anti-symmetric operators. It has non-diagonal matrix elements and these solutions are a
mixture of the both symmetries. This is a new phenomenon which appears in the case of
rank3 gauge field. In the case of rank-2 gauge field the kinetic operator Hαα′γγ′ in (15)
can be decomposed into symmetric and anti-symmetric pieces, as we have seen in section
three.
Thus the general solution of the equation on the mass-shell is:
eγγ′γ′′ = kγ ξγ′γ′′ + kγ′ζγγ′′ + kγ′′ζγγ′ +
6∑
i=1
cie
(i)
γγ′γ′′
, (58)
where ci are arbitrary constants. Thus we see that there are six propagating modes of
helicity-three and a doublet of helicity-one charged gauge bosons: λ = ±3,±1,±1.
It is also interesting to see what happens if we consider free field equation (42)/ (46)
in D-dimensional space-time. As one can see the number of potentially negative norm
states increases as (3D3 − 5D + 4)/2 while the number of gauge parameters grows as
D2. Only in 3+1 dimensional space-time there is a chance for full cancelation of negative
norm states, and, indeed, as we have seen, the particle spectrum is physical in 3+1
dimensions. In five dimensions the matrix HNM has dimension 75× 75. In the reference
frame, where kγ = (ω, 0, 0, k) and ω2 − k2 6= 0, the rank of the matrix HNM(k) is equal
to rankH|ω2−k2 6=0 = 50 and the number of linearly independent solutions is 25. These
are pure gauge fields (43), (53) with fifteen independent gauge parameters ξγ′γ′′ and ten
independent gauge parameters ζγγ′ . When ω
2 − k2 = 0, then rankH|ω2−k2=0 = 30. This
leaves us with 45 solutions. These are 25 pure gauge solutions and 20 new solutions
representing propagating modes. Only 18 modes can be positive definite.
Let us also consider equations for the higher-rank tensor gauge fields. The Lagrangian
form for the rank-4 gauge field is a sum of the following two terms (s=3 in (4), (5)) [18]:
L4 = −
1
4
Gµν,ρσλGµν,ρσλ −
3
8
Gµν,σρρGµν,σλλ −
3
4
Gµν,ρσGµν,ρσλλ
−
3
16
Gµν,ρρGµν,σσλλ −
3
8
Gµν,ρGµν,ρσσλλ −
1
16
GµνGµν,ρρσσλλ (59)
and
L′4 =
1
4
Gµν,ρσλGµρ,νσλ +
1
4
Gµν,νρσGµλ,λρσ +
1
8
Gµν,ρσσGµρ,νλλ +
1
2
Gµν,ρσσGµλ,νρλ
+
1
8
Gµν,νρρGµσ,σλλ +
1
2
Gµν,ρσGµρ,νσλλ +
1
2
Gµν,ρσGµλ,νρσλ +
1
4
Gµν,ρρGµσ,νσλλ
+
1
8
Gµν,νρGµρ,λλσσ +
1
2
Gµν,νρGµλ,ρλσσ +
1
8
Gµν,ρGµρ,νλλσσ +
1
2
Gµν,ρGµλ,νρλσσ
+
1
8
Gµν,νGµρ,ρσσλλ +
1
8
GµνGµρ,νρσσλλ. (60)
Deriving field equations from this Lagrangian one can see that the free equation of motion
has two solutions which describe the propagating λ = ±4 helicity states only if
g
′
4 =
3
2
g4 . (61)
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In the case of rank-(s+1) gauge field, as it follows from (4) and (5), the free equation of
motion has two solutions describing the propagating λ = ±(s+ 1) helicity states only if
g
′
s+1 =
2s
s+ 1
gs+1, (62)
where s = 0, 1, 2, ... and g1 = gYM . Therefore the Lagrangian (1) has the following form:
L = LYM + g2(L2 + L
′
2) + g3(L3 +
4
3
L
′
3) + ... + gs+1(Ls+1 +
2s
s+ 1
L
′
s+1) + ..., (63)
where the coupling constants gs+1 still remain undefined. Therefore, let us consider the
dependence of the Lagrangian on the coupling constant g2. As we shall see the coupling
constant g2 can be eliminated from the Lagrangian by redefinition of fields and other
coupling constants. Indeed, let us define the transformation of tensor gauge fields as
follows:
Aaµλ1...λs →
1
g
s/2
2
Aaµλ1...λs. (64)
This transformation should be complemented by the transformation of gauge parameters
ξaλ1...λs →
1
g
s/2
2
ξaλ1...λs (65)
in order to protect the extended gauge transformations (2). In that case the extended
field strength tensors will also transform homogeneously:
Gaµν,λ1...λs →
1
g
s/2
2
Gaµν,λ1...λs (66)
and the invariant forms will transform as follows:
Ls →
1
gs−12
Ls. (67)
Therefore the Lagrangian will take the form
L = LYM + L2 + L
′
2 +
g3
g22
(L3 +
4
3
L
′
3) +
g4
g32
(L4 +
3
2
L
′
4) + ...→
→ LYM + L2 + L
′
2 + g3(L3 +
4
3
L
′
3) + g4(L4 +
3
2
L
′
4) + ... (68)
and the coupling constant g2 is fully eliminated from the theory. This cannot be done
with the coupling constant g3.
Summarizing our findings we can state that the Lagrangian L describes the interacting
system of gauge bosons of increasing helicities. The system has Yang-Mills gauge boson
on the first level (s=0), the helicity-two and -zero gauge bosons on the second level (s=1)
and the helicity-three and a doublet of helicity-one gauge bosons on the third level (s=2).
The particle spectrum on higher levels is not yet known completely and to find it
out remains a challenging problem. The problem consists in finding out the value of the
coupling constant g
′
s+1 at which the corresponding free field equation for the rank-(s+1)
gauge field is free from propagating negative norm states. As we have found for
g
′
s+1 =
2s
s+ 1
gs+1, s = 0, 1, 2, ...
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(g1 = gYM) there are two solutions which describe the propagating positive norm states
of helicities λ = ±(s+ 1). But the difficulty in finding out all propagating modes for this
value of the coupling constant g
′
s+1 lies in the fact that the number of field components
dramatically increases with the rank of the tensor gauge field: in the case of rank-2 gauge
field we had sixteen components and in the case considered in this article for the rank-3
gauge field we had to analyze an equation with forty components. The presented analysis
shows that, most probably, the full system is unitary for all higher-rank non-Abelian
tensor gauge fields.
In conclusion let us discuss the relation between the present field theoretical model and
the Coleman-Mandula theorem which imposes strict restrictions on the possible theories
consistent with the fundamental principles of quantum field theory [24]. The results of the
Coleman-Mandula paper were generally accepted as most powerful in a series of ”no-go”
theorems, destroying the hope for a fusion between internal symmetries and the Poincare´
group. It is applicable if five conditions formulated in the Coleman-Mandula article are
hold. One of these conditions - Particle-finiteness condition - states that: ”(2) For any
finite M > 0, there is only a finite number of one-particle states with mass less than M.”
The equivalent formulation can also be found in the book of Wess and Bagger [27] and in
an important discussion in the article [25].
The particle-finiteness condition is not applicable to the field-theoretical model studied
in the present article because there are α) massless particles in the spectrum and β) the
number of massless particles is infinite, in which case the theorem does not apply.
There are well known cases when the Coleman-Mandula theorem is not applicable.
First of all it is the case already mentioned in Coleman-Mandula article, the so called
”infinite-supermultiplet theories” and the second case is the supersymmetric extension of
the Poincare´ algebra [26, 27]. Our model belongs to the first exceptional case.
In this article we study the spectrum of the non-Abelian tensor gauge fields and
describe in details the helicity content of these tensor fields. These studies comprise a
necessary step in any serious investigation, without which it is impossible to accept or
reject any theory. The article does not contain claims that the suggested model is a fully
consistent field theoretical model of interacting non-Abelian tensor gauge fields, but takes
the necessary steps in order to get an answer to the above question.
I would like to thank Ignatios Antoniadis, Ludwig Faddeev and Emmanuel Floratos
for stimulating discussions and CERN Theory Division, where part of this work was
completed, for hospitality. The work was supported by ENRAGE (European Network on
Random Geometry), Marie Curie Research Training Network, contract MRTN-CT-2004-
005616.
6 Appendix A
The quadratic form H
′
αα
′
α
′′
γγ
′
γ
′′ can be extracted from (32) and should be symmetrized
over α
′
↔ α
′′
, γ
′
↔ γ
′′
and over the exchange of two sets of indices αα
′
α
′′
↔ γγ
′
γ
′′
so
that in the momentum representation it has the form
H
′
αα′α′′γγ′γ′′ (k) =
k2
8
{ + ηαα′ (ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ ηαα′′ (ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
19
+ ηαγ′ (ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )
+ ηαγ′′ (ηα′γηα′′γ′ + ηα′γ′ηα′′γ + ηα′α′′ηγγ′ ) }
−
1
8
{ + kαkα′ (ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ kαkα′′ (ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ kαkγ′ (ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )
+ kαkγ′′ (ηα′γηα′′γ′ + ηα′γ′ηα′′γ + ηα′α′′ηγγ′ )
+ kγkα′ (ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (ηαγ′ηα′γ′′ + ηαγ′′ηα′γ′ + ηαα′ηγ′γ′′ )
+ kγkγ′ (ηαα′ηα′′γ′′ + ηαα′′ηα′γ′′ + ηαγ′′ηα′α′′ )
+ kγkγ′′ (ηαα′ηα′′γ′ + ηαα′′ηα′γ′ + ηαγ′ηα′α′′ ) }
+
1
4
{ + ηαγ(kα′kγ′ηα′′γ′′ + kα′kγ′′ηα′′γ′ + kα′′kγ′ηα′γ′′
+ kα′′kγ′′ηα′γ′ + kα′kα′′ηγ′γ′′ + kγ′kγ′′ηα′α′′ ) }. (69)
or combining some of the terms together we shall get an equivalent form
H
′
αα′α′′γγ′γ′′ (k) =
1
8
{ + (k2ηαα′ − kαkα′ )(ηα′′γηγ′γ′′ + ηα′′γ′ηγγ′′ + ηα′′γ′′ηγγ′ )
+ (k2ηαα′′ − kαkα′′ )(ηα′γηγ′γ′′ + ηα′γ′ηγγ′′ + ηα′γ′′ηγγ′ )
+ (k2ηαγ′ − kαkγ′ )(ηα′γηα′′γ′′ + ηα′γ′′ηα′′γ + ηα′α′′ηγγ′′ )
+ (k2ηαγ′′ − kαkγ′′ )(ηα′γηα′′γ′ + ηα′γ′ηα′′γ + ηα′α′′ηγγ′ ) }
−
1
8
{ + kγkα′ (ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (ηαγ′ηα′γ′′ + ηαγ′′ηα′γ′ + ηαα′ηγ′γ′′ )
+ kγkγ′ (ηαα′ηα′′γ′′ + ηαα′′ηα′γ′′ + ηαγ′′ηα′α′′ )
+ kγkγ′′ (ηαα′ηα′′γ′ + ηαα′′ηα′γ′ + ηαγ′ηα′α′′ ) }
+
1
4
{ + ηαγ(kα′kγ′ηα′′γ′′ + kα′kγ′′ηα′′γ′ + kα′′kγ′ηα′γ′′
+ kα′′kγ′′ηα′γ′ + kα′kα′′ηγ′γ′′ + kγ′kγ′′ηα′α′′ ) }. (70)
This expression can be used to calculate divergences. Indeed,
kα′H
′
αα
′
α
′′
γγ
′
γ
′′ (k) =
1
8
{ + (k2ηαα′′ − kαkα′′ )(kγηγ′γ′′ + kγ′ηγγ′′ + kγ′′ηγγ′ )
+ (k2ηαγ′ − kαkγ′ )(kγηα′′γ′′ + kγ′′ηα′′γ + kα′′ηγγ′′ )
+ (k2ηαγ′′ − kαkγ′′ )(kγηα′′γ′ + kγ′ηα′′γ + kα′′ηγγ′ ) }
−
1
8
{ + k2kγ(ηαγ′ηα′′γ′′ + ηαγ′′ηα′′γ′ + ηαα′′ηγ′γ′′ )
+ kγkα′′ (2kγ′′ηαγ′ + 2kγ′ηαγ′′ + kαηγ′γ′′ )
+ kγkγ′ (kαηα′′γ′′ + 2kγ′′ηαα′′ ) + kγkγ′′kαηα′′γ′ }
+
1
4
{ + ηαγ(k
2kγ′ηα′′γ′′ + k
2kγ′′ηα′′γ′ + k
2kα′′ηγ′γ′′ + 3kα′′kγ′kγ′′ }
or using the operator Hαγ = k
2ηαγ − kαkγ one can get
kα′H
′
αα′α′′γγ′γ′′ (k) =
1
8
{ + Hαα′′ (kγηγ′γ′′ + kγ′ηγγ′′ + kγ′′ηγγ′ )
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+ Hαγ′ (kγηα′′γ′′ + kγ′′ηα′′γ + kα′′ηγγ′′ )
+ Hαγ′′ (kγηα′′γ′ + kγ′ηα′′γ + kα′′ηγγ′ ) }
−
1
8
{ + Hαα′′ kγηγ′γ′′ +Hαγ′ kγηα′′γ′′ +Hαγ′′ kγηα′′γ′
+ kγkα′′ (2kγ′′ηαγ′ + 2kγ′ηαγ′′ + 2kαηγ′γ′′ )
+ kγkγ′ (2kαηα′′γ′′ + 2kγ′′ηαα′′ ) + 2kγkγ′′kαηα′′γ′ }
+
1
4
{ + ηαγ(k
2kγ′ηα′′γ′′ + k
2kγ′′ηα′′γ′ + k
2kα′′ηγ′γ′′ + 3kα′′kγ′kγ′′ }
and canceling the identical terms we shall get
kα′H
′
αα′α′′γγ′γ′′ (k) =
1
8
{ + Hαα′′ (kγ′ηγγ′′ + kγ′′ηγγ′ )
+ Hαγ′ (kγ′′ηα′′γ + kα′′ηγγ′′ )
+ Hαγ′′ (kγ′ηα′′γ + kα′′ηγγ′ ) }
−
1
4
{ + kγkα′′ (kγ′′ηαγ′ + kγ′ηαγ′′ ) + kγkγ′kγ′′ηαα′′ }
+
1
4
{ + Hαγkγ′ηα′′γ′′ +Hαγkγ′′ηα′′γ′ +Hαγkα′′ηγ′γ′′
+ 3ηαγkα′′kγ′kγ′′ }.
Again collecting terms we shall get the final expression:
kα′H
′
αα′α′′γγ′γ′′ (k) =
1
8
{ + Hαα′′ (kγ′ηγγ′′ + kγ′′ηγγ′ )
+ Hαγ′ (kγ′′ηα′′γ + kα′′ηγγ′′ )
+ Hαγ′′ (kγ′ηα′′γ + kα′′ηγγ′ ) } (71)
−
1
4
{ + kγkα′′ (kγ′′ηαγ′ + kγ′ηαγ′′ ) + kγkγ′kγ′′ηαα′′ − 3ηαγkα′′kγ′kγ′′ }
+
1
4
{ + Hαγ(kγ′ηα′′γ′′ + kγ′′ηα′′γ′ + kα′′ηγ′γ′′ ) },
which has been used in the main text.
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